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ABSTRACT

In the present paper we propose an integral modification of Jakimovski- Leviatan operators involving Appell
Polynomials. Using Korovkin Theorem we obtain the approximation properties of these operators. We compute an
estimate of the order of approximation of a continuous functions by means of the operator via first order modulus of
continuity. We also give an asymptotic estimate through Voronovskaja - type result for these operators.
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1. INTRODUCTION
Jakimovski and Leviatan [3] introduced a new type of operators Pn by using Appell polynomials as follows,

g k
Po(fiz) = mgpk(m’)f(;) (1.1)
for f € E[0, «).B. Wood proved in [6] that the operators Pn are positive on [0, «)
an
if and only if >0,neNE€aq,
(1)

Recall that Appell polynomials are polynomials defined as follws: Let

(o)

9w =) anut,g(1) # 0

n=0
be an analytic function in the disc u] <, (r>1) and

pe(x) = Za, - ,(k € N)
be the Appell polynomlals defined by the identity

g(u)e™ = Zpk(r (12)

Ibrahim Bu"yu"kyazwl et. al. [2] gave a chlodowsky type generalization of Jakimovski - Leviatan operators given
by

€ T ® k
Fi(f;z) Zpk( ) ( bn) (1.3)
9(1) =
with bn a positive increasing sequence with the properties
. b
lim b, =00 and lim — =0 (1.4)
n—oo n—oo 1

Motivated by the operators
given in (1.2) and (1.3) we consider the following integral modification of the operator (1.3):

An(f;) = ’jfgbl") Zpk( ) / x%’?’(b—t) f(t)dt (15)
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where bn is a positive increasing sequence satisfying (1.4).We see by construction of the operator An that the

condition for positivity given by Wood for operator Pn is applicable here also. So throughout this paper we will
assume that the operators An are positive.

Approximation properties of An(f ; x)

We denote by CE[0, «) the set of all continuous functions f on [0, «) with the property that |f (x)| < Beaxfor all x >0
and some positive finite o and f.

Following lemma was given in [3].
Lemma 2.1. From (1.2) we have

> e(per) = o187 = u(z)

S k() = (as(h) + )" = n(o)

k=0 n n

ngPk(:_nz) (9 (1)—T +(0(1) +20/ ())g-z + (1) +9"(1) )5 = bax)
gkspk(;%’r) ( (1)—r + (49(1) + 3¢’ (1))_1» +(g (1)+89'(1)+39”(1));’—nr

+4/(1) +4¢"(1) + ¢"(1) ) €5 = go(2)

90 4 2

3
2 k4pk(blr) (9(1) = + (10g(1) +4g'(1 )):—313 + (14g(1) + 30g'(1) + 69"(1)):_21-2
+ (g(l) + 2891(1) + 30g”(1) - 4g"'(1)) —r+4+g (1) . 149”(1) 3 10g"’(1)

+99(1)) e = 64(x)

Using lemma (2.1) and eq. (1.5) we get following results.
Lemma 2.2. The operators An defined by eq. (1.5) satisfy,

Apleg;z) =1
Apler;r) =+ — bn (1 + ((11)})
o n (49(1) +24'(1)) ba\2(29(1) +4¢'(1) +g"(1))
An(ﬂzrf&')—iﬂz—l—g g(l} $+(E) Q‘(l)
L bny (10g(1) +34'(1)) bn\ 2 (18g(1) +20g'(1) +3¢"(1))
Anfesz) =" + () O (+) o(1) ’
N (5_n)3(59(1) 4+ 18¢/(1) + 10g"(1) + g™ (1))
n g(1)
_ (209(1) +49'(1)) ;5 2(89¢g(1) +60g'(1) +69"(1))
An(es;z) =2 +(n) g(1) ( ) g(1) z*
3(96g(1) + 178¢'(1) + 609" (1) +4g™ (1)) _
* (n) o)
N (b_n)“ (249(1) 4+ 964'(1) + 89g”(1) + 20g"(1) + (1))
n g(1)

where ei(t) =ti,i=0,1, 2,3, 4.
Proof. From the definition of An(f ; x) and lemma (2.1) , we have
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Auesiz) = b_Tj)ip(b_) [ ()
- > (e) - TOMGRE
= (&) ‘fg—(f; kz: n(pr) HEH _ (&) eg(:) (61(2) + do(z))
20+ 55)
Anferia) = 2 ﬁip(b_) [ S ()

_n gm(;—njﬁ)@

LS () + 3842

n

_ (b_n)zi(i (é() + 361(2) + 260(2))

2, (gD +20'(1) (E}H)Q(QQ(U +4g'(1) +¢"(1))

n g(1) n g(1)

For e3 we have
ne e n © o~ Bt 1 \K
An(es;z) = — (— )/ —t) t3dt
(€3:2) = =) kzp" o) Jo R (b,,

%,,)seg(;) io:‘”‘(blﬂ”)w

ipk(blx)(ka +6k2 + 11k + 6)

Q
—~~
[y
~—
>
I
o

(
(
_ (bn)”‘%wg(m) + 66a(z) + 1161(z) + 660(x)

(109(1) +3¢(1)) o (bn)2 (189(1) +20g'(1) +3¢"(1))

9(1) n 9(1)
bn\3(69(1) +18¢'(1) + 109" (1) + ¢"(1))
+(3)

n 9(1)
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and
n e bt n ® e Wt rn \k
A(eqT) = — (—9:) —(—t) t4at
n( 4y ) bn g(l) gpk bn 0 k! bn
(b,, 47" i (n )I‘(k +5)
= [— |l —2 ) ————
n) g1) &P\, k!

b\ te " o n 1 3 2
= pk<—x (k* + 10k + 35k2 + 50k + 24)
n) g(1) ; by, )

- (9'1)4 eg_(”f)r (64() + 1063(x) + 35¢2(z) + 5061 (z) + 2460 ())

4, (bn) (209(1) +44'(1)) 3, ba)\2(899(1) +60g'(1) +6g"(1))
SR (?) g(1) o +( ) g(1) =’
bn\3(96g(1) +178¢(1) + 609" (1) + 49" (1))
" (?) g(1) ’
b\ 4(249(1) + 969'(1) +89¢"(1) + 20g" (1) 4+ g')(1))
* (7) g(1)

The following result can be easily derived from the previous lemma.
Lemma 2.3. The operators An defined by eq. (1.5) satisfy,
by g'(1)
An(t—a:,:v)—;(1+ g(l)) (2.1)
bn |, (bn)2(29(1) +44'(1) +4"(1))
At —2)%r) =22+ (— 2.2
(8 —2)2) =252 + () ) (2:2)
bn\2(299(1) +44¢'(1)) » bn\3(72¢(1) + 1064'(1) + 20¢"(1))
An t—x 4: )= 1— » i
((t—2)52) (n) g(1) % +(n) g(1) =
- (b_,,)4 (24g(1) 4+ 96¢'(1) + 89¢”(1)) + 20¢"(1) + g¥)
n g9(1)
Theorem 2.4. For f € CEJ0, ), the operators An converge uniformly to f on
[0,a],a>0asn€eN.
Proof. From lemma (2.2) we have
lim An(ei; x) = ei(x), i=0,1,2.

N—o0

n

(2.3)

On applying Korovkin theorem [1] we get the desired result.
Order Of Approximation

In this section we give an estimate of the order of approximation of a function f € CE[0, «) by means of the operator
An , using the first order modulus of conti- nuity.

Let f € C[0, b].The modulus of continuity of f denoted by w(f, 8),is defined to be
w(f,0)=  sup  |f(s) — f(z)|
|s—z|<d,8,2€(0,b]
The modulus of continuity of the function f in C[0,b] gives the maximum oscillation of f in any interval of length not
exceeding & > 0.
It is well known that for any 3 > 0 and each s € [0, b]
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178) ~ 1) < w(r.0)(1+ 222 (31)

Theorem 3.1. Forf € CEJ0, ) and X € [0, a], a > 0 we have

| bn (29(1) + 4¢'(1) + ¢"(1))
|An(f;2) — f(2)]| < [”\/2‘”? g9(1) ]

Proof. By using eq. (3.1) linearity of operators An we obtain

|An(f;2) — f(2)] < Au(|f(t) — f(z)|;2)
gw(f,d)An(l-f- ;T|;a~

)
= w(f, 5)(1 + 1(" c (f‘) i (b—tr) /Ox' e_k:_“t (%t)klt—r!dt))

Using the Cauchy - Schwarz inequality we obtain

[An(f;2) — f(2)]

w(f,9) (1 - %(:—n e;(iz gpk (:—nr) Aoo e_’:!%t (&t)k(t - r)th)l/Q)
= w(1.8)(1+ 3 VA 2% (3.2
From eq. (2.2) ,for x € [0, a], a > 0 we obtain

A((t—2)%7) <2 %+ (l;) (29(1 )+45(’S)+g”(1)) (3.3)

Taking 6 = \[% and using eq. (3.3) in eq. (3.2) we get the desired result.

4. Theorem of Voronovskaja - type
Now we give a Voronovskaja - type relation for the operator An.
Theorem 4.1. If f € C2 [0, =) then

W . e g'(1)
Jim 7 (Au(f;2) ) = @)1+ 2

] +2f"(2).

uniformly for x € [0, a], a > 0.
Proof. For a fixed x0 € [0, «),by Taylor’s formula we have for every t € [0, )

£(0) = S(@0) + £(zo)(t — 20) + 51" (@)t ~ 70 + V(G2 — 20, (41)

where y(t; x0) is a function belonging to the space CE[0, «) and limt—x0 y(t; x0) = 0.Then by (4.1) and lemma (2.2)
we can write for every n € N,

bE[A,,(f; o) — f(z0)] = blf'(IO)An(t — To; To) + %bﬁf"(ﬂUO)An((t — 10)%; o)

+ ;An(w(t; IO)(t = I0)2; 1’0) (42)

n
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From egs. (2.1) and (2.3) we have

e W e e g'(1)
nlﬂl; nAn(t To; Xo) = (1 + g(l)) (4.3)
lim ;iA,,((t — 20)% 20) = 27, (4.4)

n

By Cauchy-Schwarz inequality we get forn € N

2 An(p(t 20) (¢ — 20)%; 70)| < {An(W2(t 20); 20)} {('—)Qﬂn((t —z0)’; )}

T b?l
(4.5)

From (2.3) we have

. (n? iy _ (299(1) +44'(1)) ,
T (5) An((# — o) 0) = R (4.6)
Let ¢(t, x0) = w2(t; x0), t > 0.Then ¢(t, x0) € CE[0, «) and tllr,? ¢(t,x) =0
Then from Theorem (2.4) we have
lim An(y2(t; x0); x0) = lim An(¢(t; x0); x0) = ¢(x0; x0) =0 4.7
Nn—o0 N—oo
uniformly with respect to x0 € [0, a]. So by egs. (4.6)-(4.7) we have

lim EAn(w(t; o) (t — Zo)%; o) = 0 (4.8)
n—oc by,

then, taking the limit as limn—oo in (4.2) and using (4.2),(4.4) and (4.5) we have

: n 2 _ g g’(l) "
lim - {An(f52) ~ (@)} = F@)[1+ | + 28" (@),

Hence the theorem.
2. CONCLUSION

In the present paper we considered a Chlodovski type integral modification of Jakimovski- Leviatan operators
involving Appell Polynomials . We proved that these new operators are approximation process. We have also given an
asymptotic estimate through Voronovskaja - type result for these operators.
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