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Abstract
The expansion of differentiation and integration to fractional calculus of arbitrary (non-integer) orders has resulted in notable developments in the fields of physics, mathematics, and engineering. Fractional calculus allows for new analysis of the Heaviside step function, a classic model of discontinuity. This study uses the Riemann-Liouville and Caputo definitions to provide a thorough and rigorous analysis of the fractional derivatives of the Heaviside function. We define and prove fundamental theorems, provide computational examples, and show how these ideas enable development of the modeling of single or memory-effect physical phenomena. There are several citations to groundbreaking and current research.
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1. Introduction
1.1 Background
Fractional calculus, the study of integrals and derivatives of arbitrary order, has evolved from a mathematical curiosity to a powerful instrument for engineering, the physical sciences, and even finance. Its capacity to model systems with hereditary or memory properties is unmatched by classical integer-order calculus [1],[2],[3]. Memory-dependent phenomena such as anomalous diffusion, viscoelasticity, and non-local processes are naturally framed within this extended mathematical structure.
The Heaviside step function, denoted , is a prototypical example of a discontinuous function encountered in modeling physical systems subjected to instantaneous changes electrical circuits, control systems, and signal processing [4]. Despite its widespread applications, the behavior of  under non-integer order differentiation invites deeper mathematical inquiry and challenges established interpretations.
1.2 Motivation and Objectives
Investigating the fractional derivatives of discontinuous functions such as the Heaviside function is crucial for broadening modeling capabilities in fields that encounter non-locality and singularity. This paper scrutinizes the fractional derivatives of , contrasting the Riemann-Liouville and Caputo definitions, establishing explicit formulae, and illustrating their application through examples.
1.3 Organization
Section 2 reviews fundamental notions of fractional calculus and the Heaviside function. Section 3 derives and analyzes the fractional derivatives of the Heaviside function, presenting primary theorems. Section 4 introduces practical examples and computational results. Section 5 discusses implications for physical modeling. Section 6 concludes the paper.
2. Preliminaries
2.1 The Heaviside Step Function
The Heaviside step function  is defined as:

It is a model for sudden changes, often used to represent an instantaneous "turn-on" of a system [5]. In applications, it is a building block for constructing piecewise functions and describing signals with discontinuities.
2.2 The Dirac Delta Function
The derivative of  yields the Dirac delta function:

The delta function is not a function in the classical sense but a distribution the generalized function that "localizes" a property at a single point [6].
2.3 Definitions in Fractional Calculus
This paper utilizes two common definitions:
2.3.1 Riemann-Liouville Fractional Derivative
Let  be a locally integrable function on . For , the Riemann-Liouville (RL) fractional derivative is [1]:

2.3.2 Caputo Fractional Derivative
The Caputo fractional derivative of order  is defined as [1]:

The distinction lies in the placement of the ordinary derivative before or after the integral which affects the treatment of initial conditions and the behavior at .
3. Main Results
3.1 Fractional Derivatives of : Explicit Formulae
Theorem 3.1 (Riemann-Liouville Fractional Derivative of the Heaviside Function)
Let . The RL fractional derivative of the Heaviside function is:

Proof:
Starting from the definition:

For ,  for , so:

Let , when , . Thus:


Differentiate:

Q.E.D.
Theorem 3.2 (Caputo Fractional Derivative of the Heaviside Function)
Let . The Caputo fractional derivative of the Heaviside function vanishes for :

Proof:
Recall that . Then,

Using the sifting property of the delta function:

But, Caputo fractional derivative requires the function to be at least -times differentiable in ; for , . Therefore,

Q.E.D.
3.2 Key notes:
· The RL derivative of  is a weakly singular function, diverging as .
· The Caputo derivative is more consistent with the modeling of physical systems with zero initial conditions [7].
· Both results are confirmed in broader literature but are here proved elementarily for completeness.
4. Examples and Applications
4.1 Example 1: RL Fractional Derivative for Various Orders
Compute  for  at .
· 
· 
· 
Thus,



4.2 Example 2: Laplace Transform Approach
The Laplace transform is a powerful tool for fractional derivatives [8]. Recall:

The Laplace transform of the Heaviside function:

By linearity,

The inverse Laplace transform of  is , confirming Theorem 3.1 [9].
4.3 Example 3: Physical Interpretation (Electrical Current Switching)
Consider a circuit where a current source is switched on at :

The RL fractional derivative  signifies a pronounced initial "shock" that decays, modeling the physical phenomenon of charge displacement with memory effect [10].
5. Discussion and Implications
5.1 Comparison of RL and Caputo Derivatives
· Riemann-Liouville: Reflects the singular onset at , ideal for problems requiring a memory effect rooted at the instant of switching.
· Caputo: Discards the effect for , suiting problems with natural initial conditions.
5.2 Applications in Science and Engineering
5.2.1 Anomalous Diffusion
Fractional calculus is a natural tool for modeling anomalous diffusion, where the mean squared displacement scales nonlinearly with time [11],[12]. The presence of the Heaviside function in such models initiates the process, while its fractional derivative provides insight into the rate at which diffusion "ramps up."
5.2.2 Viscoelasticity
In viscoelastic models, the stress-strain relationship often incorporates fractional derivatives. The Heaviside function can model sudden imposition of strain, and its RL derivative emulates the stress response [13].
5.3 Generalized Theorems
Theorem 5.1 (Fractional Derivative of Step-Like Functions)
Let , with  and . For :

Proof: Similar to Theorem 3.1, shift the lower terminal of integration to .
6. Conclusion
This study illustrates the strength and nuance of fractional calculus in relation to discontinuous functions like the Heaviside step. This papers thorough derivations and theoretical demonstrations have demonstrated: A singular kernel, which is the basis for modeling anomalous and memory-rich phenomena, is produced by the RL fractional derivative of H(t). For systems that are naturally at rest before being excited, the Caputo derivative works better. With these ideas, systems with non-local temporal dynamics can be further represented in engineering and physical models. 
Additional applications in advanced materials, connections to stochastic processes, and computational techniques for calculating such derivatives in complicated systems may be the focus of future research.
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